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Foreword 
This work represents one phase of studies on in-pile thermionic-space-reactor 
power-plant dynamics and stability. This work is conducted by the Energy Sources 
Group of the JPL Propulsion Research and Advanced Concepts Section for the 
National Aeronautics and Space Administration. The author, a professor in the 
Nuclear Engineering Department at the University of Arizona, was retained as a 
consultant from July 18 to August 26, 1966, to investigate doppler coefficients 
associated with in-pile thermionic reactors. This report summarizes the pertinent 
points of the author’s investigations. 
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Abstract 
Recent experimental data have been used to estimate temperature coefficients 
of reactivity due to doppler broadening of resonances in materials of interest for 
compact in-pile thermionic-reactor-core concepts. Materials considered are U-235, 
U-238, and the refractory metals, tungsten, tantalum, molybdenum, and niobium. 
Equations giving the magnitude and temperature dependence of the doppler coeffi- 
cient are given for each of these elements. Estimates are given of the possible error 
in the doppler coefficient introduced by extrapolating the experimental data to 
the higher temperatures of interest in thermionic reactor concepts. ,4 comparison 
of this method with the usual theoretical method is made for the Fermi reactor. 
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Estimates of Doppler Coefficients for In-Core 
Thermionic Reactor Materials 
1. Introduction is to say, the resonances are experimentally unresolved. 
The analyst is thus faced with the task of estimating the 
higher energy resonance parameters, a process which nor- 
mally is accomplished by an extrapolation of a statistical 
description of the resolved (lower energy) resonances. 
Concern for the stability of compact in-core thermionic 
fast reactors (Ref. 1) has led to an investigation of antici- 
pated temperature coefficients of reactivity arising from 
the doppler broadening of resonances in fuel, emitter, 
collector, and cladding materials. Of particular concern 
is the magnitude of the positive doppler coefficient of 
U-235. A thermionic-reactor concept typically uses a high 
degree of enrichment, and a positive coefficient in the fuel 
can conceivably lead to unstable reactor operation. 
The detailed theoretical calculation of doppler coeffi- 
cients for fast reactors is well known to be a relatively 
difficult and intricate task (Refs. 2, 3, 4). Even in very 
hard spectrum reactors, a considerable portion of the 
doppler coefficient may be attributable to the lower lying 
resonances and, consequently, accurate specification of 
the reactor spectrum is very important. The calculations 
are further complicated by the fact that resonance param- 
-eters are completely unknown at the higher energies; that 
The fissile elements introduce the further complication 
of having small level spacings between resonances. This 
leads to interference between resonances, that is, an over- 
lapping effect which tends to smear or wash out indi- 
vidual resonances. Because the fissile elements may give 
rise to a positive component in the prompt temperature 
coefficient (in highly enriched systems), the evaluation of 
the doppler coefficient for the fissile material takes on 
added importance. 
There are other complicating intricacies involved with 
dopplcr coefficient calculations. To mention just a few, 
the actual heterogeneous arrangement of fuel, cladding, 
and coolant can lead to self-shielding of the resonances. 
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Interference between resonances of different isotopes, 
particularly between a fissile and non-fissile isotope, can 
cause a decrease in the doppler coefficients from the 
values calculated for each isotope separately. Large tem- 
perature gradients, such as are experienced in oxide fuels 
under high density conditions, can lead to coefficients 
different from those calculated, assuming some space- 
average temperature. Fortunately, these effects have been 
calculated for reactors with softer spectra (which en- 
hances the effects), and all have been found to be small 
(see, for example, Ref. 5). 
For compact in-core thermionic reactor concepts, the 
neutron spectrum is typically characterized by median 
fission energies of the order of 100 kev or higher. Even SO, 
it is the resonances in the lower kev range (1-50 kev) 
which contribute most to the doppler effect (Ref. 2). Con- 
sequently, the magnitude and to a lesser extent the shape 
of the low energy flux spectrum tail is much more impor- 
tant for our purposcs than is the overall spectral behavior. 
Both magnitude and shape of the tail may vary consider- 
ably from one thermionic reactor concept to another, 
depending on the amount of moderating material present 
in the core or reflector. Thus, the complication of being 
able to specify the reactor spectrum accurately and in 
considerable detail within the resonance region can not 
be ignored in any attempt to calculate by analytical 
methods the doppler cocfficients. 
For thermionic reactor stability analyses of a general 
nature, such detailed calculations of the doppler coeffi- 
cients are neither warranted nor desired. They are un- 
warranted if the intention of the study is general; that is, 
a typical reactor concept, as opposed to a detailed specific 
concept, is to be represented. In addition, the coefficients 
often need to be specified only within some error bounds; 
i.e., a high degree of accuracy is usually unnecessary. 
Finally, we should remark that the general status of cal- 
culational methodology is still under investigation and in 
the case of doppler coefficient calculations, this factor 
can lead to relatively large disparities (Refs. 6, 7, 8). In 
some cases, good agreement with experiment is achieved 
while in others serious discrepancies arise, all experiments 
being analyzed by the same methodo1og)i and by highly 
competent investigators. 
For these reasons a rapid method of estimation, given 
the particular reactor concept, is desired. The goal of 
this report is to provide such estimates for typical mate- 
rials which may be employed within in-core thermionic 
reactors. 
II. Analysis 
A. Basis 
The calculational difficulties outlined in the previous 
section can be circumvented by using recent experimental 
measurements of doppler coefficients. These measure- 
ments have been made, on small samples of material, in 
fast critical assemblies possessing reasonably “hard  spec- 
tra in their test sections (Refs. 9, 10). Typically, the 
median fission energy and the peak of the neutron flux in 
the test section are in the 100-300 kev range, an energy 
range characteristic also of the thermionic reactors 
(Ref. 11). The strong spectral dependence is effectively 
normalized out simply by dividing the doppler coefficients 
by the reactivity worth of the sample as measured in 
the same assembly. The validity of this procedure will 
be demonstrated subsequently. The doppler coefficients 
applicable to a given thermionic reactor concept are then 
obtained simply by multiplying this doppler-coefficient- 
per-unit-reactivity-worth ratio by the average reactivity 
worth of the material of interest in the concept of interest. 
This latter value may be calculated or may be estimated 
from experiment as will be demonstrated. 
In addition to the ease and simplicity of this correlation 
technique, there is the added benefit of having incorpo- 
rated the actual measured temperature-dependence of 
the doppler coefficient rather than having to rely on the 
theoretical values. The latter have now been shown to 
be in error at least for U-238, U-235, tungsten, and tanta- 
lum. The measurements on molybdenum and niobium are 
at present inconclusive. 
The following qualitative arguments may be presented 
as a basis for the correlation technique. The vindication 
of these arguments actually rests on the results of several 
experiments, however. 
Doppler experiments are conducted on small samples 
of material placed within a test section of a large critical 
assembly and the samples are subsequently heated. Two 
reactivity measurements are involved: the first is the 
reactivity worth of the sample in the critical assembly 
at room temperature relative to a void; the second is the 
reactivity change associated with heating the sample. The 
environment that is the test section neutron flux spectrum 
remains the same for both measurements. 
If the reactivity worth of the sample is denoted by p, 
then 
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where 0, (u) is the interaction cross section (absorption 
or fission) of the sample and w ( u )  is an appropriate 
weighting function proportional to the neutron flux ex- 
pressed in lethargy units u. The doppler coefficient is 
simply the temperature derivative of p ,  all other variables, 
such as density, remaining constant. 
The ratio of the doppler coefficient to the total sample 
reactivity worth is 
(3) 
which will in most cases be a slowly varying function 
because of the logarithmic argument. As an example, sup- 
pose that in a hard spectrum reactor, all of the doppler 
effect arises from low-lying resonances (low kev range) 
so that only the low energy tail of the neutron spectrum 
is important. Over a lethargy width encompassing all the 
important resonances, but which is still small in compari- 
son with the total, the flux will vary as the reciprocal of 
the total cross section (Ref. 3). Taking 
then 
which is independent of the spectrum. Obviously, the 
above example is a gross oversimplification of the actual 
situation. In reality the weighting function is not simply 
separable, as indicated, becadse of contributions from 
nonresonant isotopes which also may be present. Further- 
more, consideration of more than a single lethargy group 
will usually be necessary so that the gross spectrum shape, 
reflecting the effects of leakage, inelastic slowing down, 
etc., will be incorporated. Nonetheless, because of the 
logarithmic nature of the reactivity ratio, the conse- 
quences of these effects should be small. 
There are at least two different pieces of experimental 
evidence to support this hypothesis. Perhaps the most con- 
vincing is the direct comparison of U-238 doppler coeffi- 
cients as measured in two different fast critical assemblies, 
the AETR or ECEL assembly 13-13 (Refs. 12,13j and the 
ZPR-6 assembly 42 (Ref. 14). The pertinent characteristics 
of these two assemblies are tabulated in Table 1. We note 
Table 1. Characteristics of the ECEL 13-13 and 
ZPR-6-4Z assemblies 
Energy, Composition, and 
Dimensions 
Median fission energy, kev 
Median absorption energy, kev 
Median flux energy, kev 
Composition ond Dimensions: 
1. Test Region: 
Boundaries, cm 
Volume, cm' 
U-235 mass, kg; (ofom 
density) . cm-:' . 10'' 
U-238 
Thorium 
Carbon 
Aluminum 
Iron 
Sodium 
2. Buffer, Decoupler: 
Boundaries, cm 
Volume, cm3 
U-235 mass, kg; (atom 
densify) . cm? . 10" 
U-238 
Carbon 
Iron 
Thorium 
Aluminum 
3. Driver: 
Boundaries, cm 
Volume, cm3 
U-235 mass, kg; (atom 
densify) . cm? . 10" 
U-238 
Hydrogen 
Carbon 
Aluminum 
Iron 
Sodium 
4. Reflector: 
Boundaries, cm 
Volume, cm3 
U-235 mass, kg; (atom 
densify) . cm? . 10'' 
U-238 
Hydrogen 
Carbon 
Aluminum 
Iron 
ECEL 13-13 
62 
40 
227 
0-30.6 
1.2 x lo5 
79.5,o. 17 
5.9,0.012 
200,0.43 
58.7, 2.45 
81.5, 1.51 
144, 1.29 
- 
30.6-35.1 
6.1 x 10' 
- 
- 
- 
- 
625, 2.67 
13.2,0.48 
35.1-46.0 
2.27 X 10' 
16.3,0.018 
1.2,0.0013 
18.8.4.95 
1 12.1, 2.48 
152.9, 1.50 
77,0.37 
- 
46.0-51.4 
1.59 X 1 0  
- 
- 
17.4,6.53 
103,3.26 
43,0.60 
44,0.30 
ZPR-6-42 
167 
73 
212  
0-41.0 
2.89 X 10' 
172,0.15 
1208, 1.06 
- 
71, 1.24 
- 
337, 1.26 
117.8, 1.07 
41-47 
1.46 X 10' 
2.6,4.54 X 
1255, 2.17 
84, 2.89 
81,0.60 
- 
- 
47.0-54.0 
2.25 X 10' 
599,0.683 
475,0.525 
55, 1.24 
- 
- 
262, 1.26 
91.7, 1.07 
54.0-84.0 
1.82 x loG 
57.5,0.0081 
28,680,3.98 
- 
- 
- 
101 4,0.60 
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CALCULATED SPECTRA : 
- ZPR-6-4Z, MAIM 6 (REF. 23) 
ZPR-6-4Z, AIM 6 (REF. 18) 
ECEL 13-13, AIM 6 (REF. 13) 
I 
(ALL SPECTRA NORMALIZED TO ~ ~ ~ ~ v + ( ~ )  du = CONST. 
I 
100 IO' 102 
E, - kev 
Fig. 1. Calculated spectra for ZPR-6-4Z and ECEL 13-13 
that they are quite dissimilar in size, composition, and 
spectral character. The calculated spectra for the two 
assemblies are given in Fig. 1. Comparison of the two 
dashed curves shows the ECEL assembly to have a harder 
spectrum and a higher magnitude low energy tail. The 
solid curve is a more detailed energy group calculation 
of the ZPR-6 assembly and consequently gives a better 
representation of the actual flux distribution. Figure 2 
presents a comparison between two different measure- 
ments of the flux spectrum of ZPR-6-4Z and the detailed 
energy group calculation. The overall agreement is seen 
to be excellent. 
This particular comparison of reactivity ratios should 
provide a rather stringent test of the hypothesis since the 
significant U-238 resonances extend up to around 200 kev 
and consequently encompass a considerable portion of 
the neutron spectrum. The results of these measure- 
ments, which will be presented subsequently, indicate 
that the magnitudes of the reactivity ratios for U-238 
agree to within 25%. Furthermore, there is no detectable 
difference in the temperature dependence between the 
two measurements. 
A similar set of measurements has been made for U-235 
in both assemblies. However, because of the presence of 
a thermal expansion reactivity coefficient which is the 
same order of magnitude as the doppler coefficient, the 
AETR data are not quite as reliable as the ZPR-6 data. 
Even so, the magnitudes of the reactivity ratios appear to 
agree to within 3055, based on the smaller but more reli- 
able of the two values. A temperature dependence com- 
parison comparable to that given for U-238 is not possible 
because of the thermal expansion effect in the AETR 
measurements. At present, these are the only two direct 
comparisons of doppler coefficients available. 
The second piece of experimental evidence is the obser- 
vation that the ratio of the reactivity worth of one material 
to another does not vary significantly between several 
different fast critical assemblies. Again, the concept of 
normalizing out the spectral dependence is employed by 
simply dividing the reactivity worth of one material by 
the reactivity worth of a second material. 
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MEASURED SPECTRA: 
BENNETT (REF. 22) 
IO' 
E,-kev 
102 
Fig. 2. Comparison of calculated and measured spectra in ZPR-6-4Z 
For this comparison, the worths of U-238, W, Ta, Mo, 
and Nb were compared to U-235 in four hard spectrum 
assemblies. The measurements were made in the previ- 
ously mentioned AETR (Ref. 9) and ZPR-6-4Z (Ref. 10) 
assemblies, and in the Swedish fast reactor FRO assem- 
blies 1 and 3 (Ref. 15). These data are summarized in 
Tables 2 and 3, column 4, respectively. With but a sin- 
gle exception, the relative measured worths in the four 
assemblies are consistent between assemblies within less 
than 40%. The exception is the low U-238 worth in the 
FRO assemblies caused undoubtedly by resonance self- 
shielding due to their high U-238 content (20% enriched). 
It is entirely consistent to postulate that the relative 
worth ratios of the various materials in the FRO assem- 
blies should be less than in the AETR or ZPRB assemblies 
because of the high U-238 resonance shielding effect. 
Without exception, this is the case. It is also consistent to 
postulate that the relative worth ratios in the ZPR-6 
assembly should be smaller than the corresponding values 
measured in the AETR because of the larger sample size 
used and the U-238 content in the ZPR-6 measurements 
(see Table 2, column 1). Again, without exception, this 
is the case. 
The experimental evidence may be summarized as fol- 
lows: the two measured values of the U-238 doppler 
coefficients, when normalized by the room temperature 
reactivity worth of the sample, agree well in both magni- 
tude and temperature dependence. The small difference 
in magnitude (25%) is thought to be primarily attributable 
to U-238 resonance self-shielding in the ZPRB. The dop- 
pler coefficient comparison of U-235 is not as definitive 
as for U-238 because of a thermal.expansion effect which 
tends to mask the doppler effect. Nevertheless, the mag- 
nitudes over a limited temperature range compare within 
30%, based on the more reliable of the two measurements. 
Finally, ratios of reactivity worths in quite different hard- 
spectrum cores agree well among the four assemblies 
investigated. The differences, which for our purposes may 
be considered small, are all consistent with the qualitative 
argument of resonance shielding, either because of rela- 
tively larger sample sizes or (in the case of the FRO data) 
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Table 2. Experimental reactivity worths and doppler coefficients for the 
temperature range 20-6OO0C, AI and AN1 data 
Sample material 
1 2 3 4 6 7 8 5 
Doppler 
reactivity 
(AP)D (0 
2OaC-6OO0C 
~ 
Sample 
mass, 
grams 
183.81 
59.1 1 
176.98 
181.46 
180.08 
179.17 
117.87 
187.97 
100.10 
163.78 
84.94 
13.869 
1153.8 
1108 
599 
924.7 
481.2 
Reactivity 
sample ma55 
lSk/k) 
kg 
( x  10') 
Worth 
relative to 
U-235 
(AP)D 
Sample mass 
(Sk /k)  
k 9  
1x109 
ixperimental 
!mor of value 
in column 6 
I f 1  x 109 
Reactivity 
s (0 
9 = 0.007 
r = 20oc 
2.091 
0.645 
0.543 
0.312 
0.0234 
-0.1 827 
-0.1 198 
-0.286 
-0.170 
- 0.795 
-0.220 
0.186 
-1.176 
-1.75 
- 1.042 
- 3.63 
-1.155 
0.00297 
0.00304 
-0.0133 
-0.0427 
-0.5549 
0.0832 
0.0833 
0.0381 
0.0371 
0.0645 
0.0695 
0.00230 
0.066 
A I data (Ref. 9): 
U-235 
U-235 
33% U-235, U-238 
22% U-235, U-238 
10% U-235, U-238 
U-238 
U-238 
W 
7.97 
7.63 
2.15 
1.20 
0.091 
-0.714 
-0.71 1 
- 1.065 
( -  1.25) 
-1.189 
(-1.25) 
-3.398 
(-3.9) 
(-1.9) 
-1.814 
9.4 1 
-0.714 
-1.107 
-1.219 
-2.754 
- 1.684 
1 .o 
- 0.09 
-0.134 
(-0.157) 
-0.149 
(-0.157) 
-0.426 
(-0.489) 
-0.228 
(-0.238) 
1 .o 
'-0.076 
-0.1 18 
-0.130 
-0.293 
-0.179 
0.00623 
0.00 1 96 
- 0.0072 
-0.01328 
-0.0130 
-0.0152 
- 0.00998 
- 0.0109 
- 0,0063 
-0.051 3 
-0.0153 
0.000425 
-0,0776 
2.37 
2.32 
- 2.85 
-5.12 
- 5.05 
-5.94 
- 5.93 
-4.06 
-4.41 
-21.9 
-12.61 
2.16 
-4.72 
0.23 
0.71 
0.24 
0.23 
0.23 
0.23 
0.38 
Mo 
To 
N b  
Argonne data 
(Refs. 10, 14, 16): 
U-235 
U-238 
W 
Mo 
To 
N b  
Values in parenthesis represent infinite dilution values. 
because of the presence of large quantities of U-238. This 
normalization procedure has a rather obvious shortcom- 
ing which perhaps should nonetheless be emphasized. For 
U-235, the doppler effect changes from negative to posi- 
tive as the median fission energy of the system is increased 
(see Fig. 3). This method cannot accommodate such a 
sign change since the reactivity worth of U-235 is always 
positive. Consequently, only assemblies characterized by 
median fission energies above approximately 50 kev or so, 
where the doppler effect is relatively constant, can be 
handled by this method. 
Table 3. Reactivity worths in the FRO reactor 
~~ 
3 
Reactivity 
,ample ma55 
(Sk /k)  
kg 
( x  10') 
125.0 
- 2.7 
-11.0 
-12.0 
-23.1 
- 18.1 
88.2 
-3.3 
- 8.7 
- 9.3 
- 20.0 
1 
Sample 
mars, 
grams 
2 
Reactivity 
s I<) 
Li = 0.007 
4 
Worth 
relative to 
U-235 
Sample 
material 
Assembly 1 : 
U-235" 
U-238 
W 
Mo 
Ta 
N b  
Assembly 3: 
U-235a 
U-238 
W 
Mo 
Ta 
16.2 
82.0 
191.0 
237.0 
215.0 
40.6 
16.2 
82.0 
191.0 
237.0 
215.0 
2.91 
-0.316 
- 3.00 
- 4.06 
-7.10 
- 1.05 
1.90 
-0.387 
- 2.37 
-3.15 
-6.14 
1 .o 
-0.022 
-0.088 
-0.096 
-0.185 
-0.148 
1 .o 
-0.037 
-0.099 
-0.105 
-0.226 
B. Data Sources 
Only two laboratories have reported doppler effect 
reactivity measurements pertinent to this study. These 
measurements have been performed on the ECEL (for- 
merly the AETR) critical assembly 13-13 at Atomics Inter- 
national (AI), and on the ZPR-6 assembly 42 at Argonne 
National Laboratory (ANL). Both General Electric and .Data corrected from 20% U-235 sample. 
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2 
IO2 
6 
4 
2 
IO' 
6 
4 
2 
IO0 
6 
- 1  I I I 
184 gr U-235 SAMPLE 20°C-600OC 
3.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 
REACTIVITY CHANGE, ( A p ) ,  (#I) 
Fig. 3. Variation of doppler effect reactivity 
vs median fission energy 
for U-235 
Argonne personnel are conducting doppler effect mea- 
surements by the foil activation method (Ref. 17), but this 
type of experiment is fundamentally different from the 
reactivity method and cannot be utilized here. 
The correlations to be presented are based primarily 
on data reported in Report ANL-7120, Ref. 10, and pri- 
vate conversations with both AI and ANL investigators 
(Refs. 9, 16, 18). 
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C. Temperature and Isotopic Density Dependence 
The temperature dependence of the doppler coeffi- 
cient of reactivity is normally expressed in the form 
( $ ) D  = AT-7 
A theoretical value of y = 3/2 is, as Nicholson points out 
(Ref. 2), only an approximation which appears to give an 
upper limit to the temperature dependence. Fortunately, 
experimental data for most of the materials of interest 
have now been obtained. The values of y given in this 
report are all based upon experimental data with the 
exceptions of Mo and Nb for which the experimentaI data 
are inconclusive. In these latter cases, the theoretical value 
is assumed. 
To obtain the magnitude A and the exponent y experi- 
mentally, measurements are made of the reactivity change 
of a sample associated with a known change of tempera- 
ture from some reference temperature T,, to a temper- 
ature T. Integration of Eq. (6) gives for this reactivity 
change: 
T:;71 ; Y f l  
y = l  (7b) 
T 
(Ap) ,  = Aln- To ' 
The reactivity data are analyzed by the method of least 
squares to an equation of the form (7a) or (7b), with values 
of y ranging from 0.5 to 1.5. The value of y leading to the 
minimum mean-square deviation is selected as the best 
value. Knowing 7, the constant A is easily evaluated. 
For a mixture of the isotopes U-235 and U-238, the 
doppler coefficient theoretically depends on the square of 
the constituent densities, as opposed to a simple linear 
dependency (Refs. 2, 3). That is, if Z is taken as the en- 
richment of the fuel (atomic fraction of U-235 to total 
uranium), then the reactivity change associated with the 
doppler effect in an isotopic mixture of U-235 and U-238 
in proceeding from T,, to T is: 
where (Ap)'/D is the reactivity change associated with 
pure isotope i. A verification of this density dependence 
utilizing limited data from AI  (Refs. 9, 18) was attempted 
here, but the results are inconclusive because of data 
7 
scatter. Additional data on isotopic mixtures, reported in 
Ref. 14, cannot be utilized at this time because these data 
have not been corrected for an important enrichment- 
dependent thermal-expansion effect. Actually, the density 
dependence, whether linear or squared, has only a small 
importance for our purposes, since normally the reactor 
concepts of interest use a high enrichment. 
D. Results of Data Correlation 
U-235 
As has been mentioned, the measurement of the U-235 
doppler coefficient is complicated by the presence of a 
thermal expansion surface-to-mass-ratio effect of the same 
magnitude but opposite in sign to the doppler effect. The 
overall reactivity change on an unrestrained U-235 sample 
is consequently about zero.' 
The AI data on U-235 have been obtained on small 
unrestrained samples. An analytical correction of the data 
to account for the expansion effect results in data scatter 
too large to permit any interference of temperature depen- 
dence, but overall reactivity changes from 20°C to 600OC 
on two different sample sizes are reasonably consistent. 
In addition to the very hard spectrum cores, these mea- 
surements have been carried out in test sections in which 
the spectrum has been purposely softened. The results of 
these measurements are presented in Figure 3. The spec- 
trum is characterized by the median fission energy. The 
total reactivity change, not the doppler coefficient, associ- 
ated with the temperature change from 2OoC to 6OOOC 
is plotted. This curve is particularly interesting since it 
indicates that the doppler effect approaches some maxi- 
mum positive value and then either levels off or decreases 
slightly with increasing hardness of the spectrum. Theo- 
retically, this is an anticipated behavior because of the 
resonance overlap at the higher energies (Refs. 2, 3). 
The most recent Argonne data' (Ref. 16) have been 
obtained through a combination of experiments designed 
specifically to isolate the doppler effect. In essence, the 
'This same effect will be present in thermionic space reactors to a 
degree which will depend upon the specific design. The expansion 
reactivity coefficient may be made small by physically restrain- 
ing the expansion as, for example, in the case of a tungsten clad 
(emitter surface) fuel element. Since the expansion effect is nega- 
tive, it will usually be conservative, for purposes of stability analy- 
sis, to ignore it until detailed studies for a specific concept are to 
be performed. 
'Earlier values of doppler reactivities reported in Ref. 14 are in 
error due to the neglect of a radial expansion component. These 
samples were restrained axially only. The radial component was 
subsequently discovered to be significant. 
cylindrical samples are physically restrained both axially 
and radially. Normalization of the expansion reactivity 
effect is obtained by observing the reactivity change asso- 
ciated with the phase change of uranium metal at about 
660OC. 
t 
The Argonne results are shown in Fig. 4 where the total 
reactivity change from 2OoC is plotted vs the logarithm of 
the temperature. The deviation of the data at the lower 
temperatures is thought to be due to an expansion correc- 
tion which was neglected in this temperature range. The 
logarithmic dependence indicates a y value of unity (as 
opposed to the more commonly assumed value of 3/2). 
Using the Argonne data, the resulting reactivity ratio is: 
(9) p235 1 (q) =2.1 x 10-3/~; OK-' 
I )  
3 .O I I  
ARGONNE NATIONAL LABORATORY DATA 
SAMPLE TEMPERATURE, "K 
Fig. 4. Reactivity change due to the doppler effect 
for U-235 vs temperature 
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U-238 
For the non-fissile materials, the data interpretation is 
considerably simplified because of the absence of any 
strong thermal expansion reactivity component. A direct 
comparison of the Argonne and AI data is given in Fig. 5. 
Again, the total reactivity change is plotted, not the 
doppler coefficient. Here, the data are plotted vs To.2 indi- 
cating a y-value of 0.8. This "best" value was obtained 
through a least-squares data analysis performed by both 
A I  and Argonne investigators as mentioned previously. 
The difference in the slope of the two straight lines reflects 
the 25% difference in the magnitude of the reactivity ratio 
and is thought to be due to resonance self-shielding intro- 
duced by the larger sample size used in the Argonne mea- 
surements. In any event, an error of this order in the 
magnitude is of no consequence for purposes of this 
report. 
I I I I I 1 
300 400 600 800 1000 1200 
SAMPLE TEMPERATURE T I - Y  = ~ 0 . 2 ,   in OK 
Fig. 5. Reactivity change due to the doppler effect 
for U-238 vs temperature; y = 0.8 
Using the AI  data, the resulting reactivity ratio is: 
U-235 and U-238 isotopic mixtures 
The results of an attempt to verify the squared depen- 
dence of the isotopic density are shown in Fig. 6. The 
data scatter is obviously too large to draw any conclusions. 
Consequently for mixtures, the theoretical density squared 
dependency is recommended. 
aPlnix ap238 (r)D = P (q)/J + (1 - (ar> (11) 
W, Mo, Ta, Nb 
The only data available on these refractory metals are 
those from AI (Refs. 9, 18). The y values are at best very 
approximate, having been obtained only over the tem- 
perature range 20 to 6OOOC. In the cases of Mo and Nb, 
the data were inconclusive but appeared to be tending 
toward the theoretically limiting value of 3/2. The corre- 
lation results for these elements are: 
W: 
Mo: 
f (g) = 0.72/T1.5 ; O K - '  
I1 
Tu: 
Nb: rg) = 1.36/T3I2; OK-1 
I1 
111. Applications 
A. Thermionic Reactor Applications 
To apply Eqs. (9-15) the average reactivity worth, 
attributable to the resonance absorption in each given 
material in the reactor concept of interest, is required. 
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These values can be calculated or inferred from measure- 
ments. In either case the change in leakage reactivity 
effect, attributable to the scattering cross section of the 
resonance material, must be subtracted. By calculation, 
section of the resonance absorber and then performing a 
perturbation calculation relative to the basic reactor (for 
increments are deleted). Experimentally, in the test as- 
distributions through the test regions (such as the assem- 
blies used in this correlation), this scattering correction is 
small and may be neglected. 
Using the 0.5%/% value for U-235 and the infinite dilu- 
tion worth ratios from the AI data results in the following 
expressions. 
this can be accomplished by deleting the scattering cross U-235: 
(16) OK- '  U-235, only the scattering cross section of the perturbing (g) = 1 x 10-3 Z ~ / T  ; 
1) 
semblies having approximately flat flux and importance U-238: 
(17) (s) z - 1 X 10-3 (1 - Z)2/TO.S ; OK-' 
/ I  
Alternatively, for estimation purposes, the following 
scheme may be employed. A reasonable rule-of-thumb 
estimate for U-235 worth in a fast assembly is 0.5% 6 k/k 
per % 6 M / M ,  where M is the critical mass of U-235; i.e., 
a 1% change of U-235 mass in a fast reactor leads approxi- 
mately to a 0.5% reactivity change. Some examples of this 
approximation are included in the Douglas concept 
(Ref. 11) where the calculations indicate a value of 
0.54%/%. In the two FRO assemblies, which are only 20% 
for assembly 1 and 0.97%/% for assembly 3. Using a peak 
to average importance weighting of 1.8, the average 
worths are about 0.5%/% (Ref. 15). For the Fermi reactor 
W: 
(18) 
6 e g ~ , ~ 0 - '  ( M" ) OK-' - .  
M 2 3 . 5  ' = - ~ 
Mo: 
enriched, the measured central reactivity worth is 0.91%/% (%)/, = - 5'8G.,10-2 (- .  M 2 3 5  MMo) 7 OK-' ( 19) 
Ta: 
mockup conducted in ZPR-3, this ratio is 0.474 (Ref. 19). 
As with all rules of thumb, there are exceptions so that 3.7 x 10-3 MTa (20) (g),) = - T0.S (p) ; OK-' reasonable care should be exercised in using this value. 
Note that this constant value is completely consistent with 
the doppler effect (above +SO kev median fission energy) Nb: 
, shown in Fig. 3. 
Knowing the U-235 reactivity worth, the remaining 
(21) OK-' 
- 
materials can all simply be scaled by experimental worth 
ratios, such as those given in column 4 of Table 2. It is 
recommended that the infinite dilution values indicated 
shielding is involved, this method will result in too large 
an estimation of the doppler effect for any given material. 
The doppler coefficient is simply: 
All that remains to be specified is the enrichment Z and 
the ratio of the mass of material i to the critical mass 
I in parenthesis be used. Obviously, if significant self- (loading) of U-235, ( M ' / M ' " ) .  
B. Isotopic Concentration of U-235 for Zero 
Doppler Coefficient 
For stability purposes, it may be desirable to ensure a 
zero or negative prompt fuel coefficient. Neglecting the 
expansion effect, this can be accomplished by reducing 
the enrichment to the point where the U-238 doppler 
coefficient cancels the positive U-235 coefficient. 
% 6 k / k  2 { ;  ( (&) ( % S M / M )  = A'T-YL 
where A' and y i  are the appropriate coefficients from 
Eqs. (9-15). 
For isotopic mixtures of uranium, the total doppler 
coefficient is given by Eq. (11). Using the values of the 
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previous section, Eq. (11) becomes 
10-3 12 - 10-3 (1 - z ) ~  
T O . 2  
Denoting I , ,  as the enrichment for which 
is zero, the above equation results in 
3 
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Fig. 6. Density dependence of doppler effect for 
isotopic mixtures of uranium 
The temperature dependence of Eq. (22) is negligible. 
I,, evaluated at 500°K and 2000OK changes from 65% to 
688. Because of the negligible temperature dependence, 
this value can also be read directly from Fig. 6. 
If power flattening were accomplished by varying the 
enrichment radially and axially in a thermionic reactor, 
the above average enrichment would be increased some- 
what due to importance-weighting considerations. In any 
event, this approximate value for an overall enrichment is 
not outside the realm of interest. In the General Electric 
concept for example (Ref. 20), power flattening is achieved 
by varying the U-235 content from 44% in the center of 
the reactor to fully enriched at the extremities. However, 
this concept substitutes void for fuel instead of U-238, as 
proposed here. 
C. Estimation of Uncertainty Associated with 
Extrapolation 
The Argonne U-235 data for the reactivity change asso- 
ciated with a temperature change were presented previ- 
ously in Fig. 4 plotted as a function of log T .  The resulting 
straight line indicated a doppler coefficient temperature 
dependence of T-' .  In Fig. 7, the same data have been 
re-plotted vs TI-7 for y = 0.8 and y = 1.2. A value of 
y = 1.2 appears to be overestimating the temperature 
dependence while the value of y = 0.8 actually still gives 
a reasonably good fit of the data. The consequent effect 
on the magnitude of the doppler coefficient as a function 
of temperature is shown in Fig. 8 together with similar 
estimates for U-238 and W. In the case of U-235, the error 
introduced is seen to be relatively small. For example, a t  
2W0K,  the deviation in doppler coefficient from its y = 1 
value is only of the order of 20 to 30%. Even at 3000°K, 
the deviation is only 30 to 40%. 
For U-238 the same type of error estimation can be 
made. As mentioned previously, the value of y = 0.8 was 
determined from a minimized deviation least-squares fit 
of the data. Changes in deviation about the minimum 
value leading to the y = 0.8 value are small, however. 
That is to say, a value of = 1.0, for example, will also 
fit the data well with only a small increase in the mean- 
square deviation. In Figs. 9 and 10, the U-238 data are 
re-plotted vs In T (7 = 1) and To." (7 = 0.7), respectively. 
This range of values of 7 still results in reasonably good 
fits to the data. At still larger or smaller values of y, the 
fit becomes obviously poorer. The resultant temperature 
dependence of the doppler coefficient is shown in Fig. 8. 
At 2000OK, the magnitude of uncertainty about the y = 0.8 
value is seen to be only -t20%, similar to the U-235. 
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Fig. 7. Comparison of fit of U-235 doppler effect data to T l -7  for y = 0.8 and y = 1.2 
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Fig. 9. Reactivity change due to the doppler effect 
for U-238 vs temperature; y = 1 .O 
Following the same procedure as for uranium, esti- 
mates of the error for W, Mo, Ta, and Nb can also be 
made. In these cases, however, a larger uncertainty in the 
value of y exists, due to the fact that fewer data have been 
taken and the data extend over a narrower temperature 
range (20-60O0C). Figure 8 shows an estimation for tung- 
sten. The limits of y = 0.5 and y = 1.2 about the “best” 
value of y = 0.8 result in an uncertainty of the doppler 
coefficient at 2000OK of %50%. The behavior for tantalum 
will be identical to that of tungsten since the “best” values 
of y are the same. 
14 
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Fig. 10. Reactivity change due to the doppler effect 
for U-238 vs temperature; y = 0.7 
Similarly the uncertainty for molybdenum and nio- 
bium will be obtained by considering variations about 
the y = 1.5 value, plotted for convenience also in Fig. 8. 
The value of y = 1.5 is probably an upper limit to the 
temperature dependence. The paucity of data prevents a 
better estimate of y at this time and, consequently, a rela- 
tively large uncertainty band about the y = 1.5 value 
should be assumed. 
D. Comparison with Nicholson’s Calculation for the 
Fermi Reactor 
In Ref. 2, Nicholson calculates the following values for 
the Fermi reactor at 560OK: 
1 2  (%) = 0.2.5 x 10-6 ; OK-’ 
1) 
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From Ref. 2, I = 0.27, and,from Ref. 19, p"j5 = 0.474%/%, 
p '38  = 0.021%/%. The reactivity worth values are from the 
Fermi reactor mockup on ZPR-I11 (Assembly 20). Refer- 
ence 19 reports an average U-235 worth of 51.6 Zh/kg s 
O.ll$/kgm for a critical mass loading of 431 kg, and also 
gives central reactivity worths for U-235 and U-238. The 
p238  value is obtained by a simple ratio of central worths 
times the average U-235 worth. 
At 560°K, Eqs. (9) and (10) are: 
It(%) = (0.27)2 X 2.1 X X 0.474/560 
IJ 
OK-' = 0.13 X ; 
(1 - I).(%) = -(0.73)* X 0.022 X 0.0207/(560)0.s 
I) 
OK-l = -1.15 X 
Thus, the experimentally derived values are roughly a 
factor of two smaller than those calculated by Nicholson. 
IV. Conclusions and Recommendations 
A method of estimating doppler coefficients for fast 
reactors characterized by a high median fission energy 
has been presented. Experimental data may be used 
directly to give good estimates of both the doppler coeffi- 
cient and its temperature dependence. Experimentally 
evaluated correlations for the doppler coefficient of the 
uranium isotopes 235 and 238 and for the refractory 
metals, tungsten, tantalum, molybdenum, and niobium, 
A 
c 
D 
I 
i 
M 
0 
are given by Eqs. (9-15). The application to a typical 
thermionic reactor concept, using additional experimental 
data and a rule-of-thumb reactivity worth for U-235 in 
this type of reactor, results in Eqs. (16-21). A zero doppler 
coeiFcient for 65% enriched fuel is estimated. The uncer- 
tainty associated with extrapolating present experimental 
data to higher temperatures is acceptably small for U-235 
and U-238, but may be considerably larger for the refrac- 
tory metals. Finally, a comparison of this method with the 
theoretical calculations of Nicholson on the Fermi reactor 
indicates that the latter calculations may be high by about 
a factor of two. Considering the complexity of the prob- 
lem, this is not an unreasonable difference. 
Further experimental work is certainly warranted 
(Refs. 21, 22, 23). It would be highly desirable to have 
a third independent measurement of the U-238 doppler 
coefficient, since this isotope provides a stringent test of 
the spectral normalization assumption. Assuming the 
validity of this method, however, the present doppler 
coefficient measurements on both U-238 and U-235 are 
sufficiently accurate and extend over a sufficiently large 
temperature range so that further experimentation, for 
our purposes, is unnecessary. 
The refractory metal experiments are not as satisfac- 
tory. A second set of measurements by the Argonne 
investigators and a repetition of the A I  experiments over 
a larger temperatiire range (to at least -llOO°K) are 
required. These measurements would serve to refine and 
verify the present data and would provide a sufficient 
temperature range basis for accurate extrapolation to the 
higher temperatures of interest for thermionic reactor 
concepts. 
Nomenclature 
proportionality constant T temperature 
proportionality constant u lethargy variable 
doppler, subscript 
U-235 enrichment in uranium 
w (u) weighting function 
y exponent for temperature dependence 
identification index for material i ,  superscript 
mass 
room temperature or zero net doppler effect 
reactivity, subscript + neutron flux 
p reactivity 
U~ microscopic interaction cross section 
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